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Combinatorial  properties  of  deterministic  machine 
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obtained  for  any  schedule.   Estimates  for  the  number  of 
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NYO-2879 
COMBINATORIAL  PROPERTIES  OF  MACHINE  SHOP  SCHEDULING 

1,   Introduction. 

Combinatorial  properties  of  the  deterministic  machine 
shop  schediiling  [dj  for  a  finite  number  of  jobs  is  studied. 

In  particular  we  discuss  the  explicit  rules  (Section  2 
and  Appendix)  in  order  to  I'ix  the  area  of  study  (determinis- 
tic machine  shop  scheduling)  clearly  in  our  minds.   ¥e  are 
able  to  obtain  explicit  expressions  for  the  idle  and 
schedule  times  in  terms  of  the  processing  times  and  order- 
ing of  the  objects  through  the  machines. 

Estimates  of  the  nimiber  of  different  schedules  and  the 
number  of  different  schedule  times  are  obtained.   We  find 
two  estimates  for  the  number  of  different  schedule  times: 
one  which  depends  on  the  processing  times  and  one  which  is 
pvirely  combinatorial  as  it  does  not  depend  on  the  process- 
ing times  but  only  on  the  number  of  jobs  and  machines.   A 
weak  estimate  for  the  number  of  different  schedules  is 
obtained  and  indicates,  as  in  [31,    the  fact  that  there  are 
more  schedules  than  schedule  times  for  many  given  sets  of 
processing  times. 

We  investigate  the  question  of  consistent  schedules 
and  find  a  result  in  our   notation  that  is  similar  to  other 
investigators  [1,5] •   The  stress  on  consistency  treated  here 
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affords  us  a  simple  means  of  obtaining  consistent  randomly 
generated  scheduleso   We  discuss  some  methods  of  generat- 
ing consistent  schedules  which  are  closely  related  to  the 
generation  of  latin  rectangles,,—' 

Various  criteria  for  determining  "best"  schedules  is 
formulated  in  our  notationo 

2o   A  Machine  Shop  Model o 

In  a  previous  paper  [3]  an  explicit  formulation  of  the 
rule  of  a  scheduling  model  was  giveno   We  will  adhere  to 
this  model  and  note  heuristically  the  one  change  which 
requires  the  study  presented  in  this  papero 

Roughly  speaking  we  want  to  discuss  some  properties  of 
the  schedule  time  as  it  depends  on  the  order  in  which  objects 
(or  jobs.)  are  routed  through  machines,,   In  order  to  follow 
out  this  program  we  must  note  the  properties  of  the  order 
relations  and  have  a  notation  which  allows  us  to  express  and 
deduce  properties  of  the  order  relationso   These  properties 
are  pxirely  combinatorial »   Furthermore,  we  must  have  proper- 
ties of  the  processing  times  and  a  notation  which  allow  us 
to  express  and  deduce  properties  of  the  processing  timeso 

The  properties  which  we  will  adhere  to  are  given  in  [3  J., 
These  properties  express  the  intuitively  clear  facts 


— '  B,  Giffler  and  Go  Lo  Thompson  give  examples  of  arrays 
connected  with  scheduling  problems  in  their  report, 
"Algorithms  for  Solving  Production  Scheduling  Problems," 
(Jxine  1939  -  Draft  Copy,  IBM  Research  Center), 
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(i)  only  one  object  (job)  can  be  performed  on  a  machine  at 
a  time,  (ii)  each  object  must  pass  through  the  machines  In 
a  prescribed,  manner,  (iiij  the  processing  time   t  .   of 
each  object   j   on  each  machine  m  does  not  depend  on  the 
order  in  which  the  objects  are  processed,  and  (iv)  each 
object  is  processed  as  soon  as  possible  subject  only  to  the 
order  requirements  on  each  machine  and  the  order  require- 
ments for  each  object.   In  [3  J  the  order  requirements  of 
each  object  were  the  same,  ioOo  each  object  proceeded  from 
machine  1  to  machine  2,  .  <>  o  to  machine  M,  the  last  machine. 
(This  order  is  that  found  in  flow  shops  and  assembly  lines.) 
The  only  difference  between  the  present  formulation  and 
the  formulation  in  [3  J  is  that  we  allow  each  object  to  have 
any  order  of  processing.   Presumably  the  order  of  process- 
ing objects  is  given. 

This  model  of  a  machine  shop  is  quite  simple;   it 
ass\imes  one  machine  at  each  station  and  that  the  process- 
ing time  of  the  jobs  is  deterministic,  i.e.  does  not  vary 
in  a  known  stochastic  manner  due  to  unforeseen  happenings. 

To  keep  track  of  the  order  relations  of  the  jobs  we 
use  the  symbols   ;:^   and   (m j  J .   The  symbol   (m j  j   stands 
for  the  phrase  the  j    job  on  the  m   machine ,  a  phrase 
that  we  will  use  over  and  over  again.   The  binary  relation 

j^  relates  the  symbols   (m J ) ,   i.e.  the  order  relation 
between  two  job  processes  on  either  the  same  job  or  on  two 
different  jobs.   Intuitively  the  binary  relation   ^  means 
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is  started  before  or  at  the  same  time  as.   Thus  (13)  <^  (36) 


st 
means  the   job  3   on  the  1   machine  is  started  before  or  at 

the  same  time  as  Job  6  on  the  third  machine. 

If  two  objects  are  different  and  are  related  by   ^ , 
we  can  replace   ^   by  '^    ,      which  we  take  to  mean  is 
started  before. 

The  numbering  of  the  machines  and  jobs  is  arbitrary 
(ioOo  preconceived)  and  does  not  in  general  correspond  to 
the  order  in  which  the  jobs  are  processed.   It  will  be 
necessary  for  us  to  consider  permutations  of  the  job  order 
on  a  particular  machine,  permutations  of  the  machine  order 
for  a  particular  job  and  even  permutations  of  both  the 
machine  order  and  job  order »   We  designate  an  element,  i.e. 
a  job  designation  respectively  as   (mj,  ),  (m^ j )  and  (m„j,  ). 

The  various  sets  of  orderings  on  each  machine  for  a 
given  schedule,  i.e.  specification  of  all  orderings  of  all 
objects  through  the  machines,  will  be  designated  for  each 
machine  as  Y    m     =■   |(mj,  )  Ik=l, .  .  o ,  JV.   These  sets,  one  for 
each  machine,  are  called  the  scheduled  ordering  [7J»   If  the 
scheduled  ordering  on  a  particular  machine  is  the  precon- 
ceived ordering,  we  write  /a   =  |(mj ) [ j=l,2, . , . , jC.   Thus, 
we  are  using  P   to  designate  a  job  permutation  on  the  m 
machine o 

The  various  sets  of  orderings  for  each  job,  ioe<, 
specification  of  all  orderings  of  each  object  through  the 
machines  will  be  designated  as  Q,-  (K   ~  |(ra^  j  )  |^=1, » » .  ,Mr  , 
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These  sets,  one  for  each  job,  are  called,  the  technological 
ordering  [7J«   li'  the  technological  ordering  for  a  particular 
job  is  the  preconceived  ordering,  we  write   O' .  =  ){mj  )  Ira=l,...,M>. 
Thus,  we  are  using   Q.   to  designate  a  machine  permutation 
for  the  j    job. 

In  the  sets   P  %   and   Q.  (y.      the  order  of  appearance 
of  the  elements  (mj)   will  be  taken  as  the  order  of  process- 
ing the  objects.   Thus  for  each  P  }K      ,   (mj,  )-<  (mj^)^  . . .  <;(mJT) 
B       J  m  m  *     "^1    ''2        '^J 

and  for  each  ^4^4  »   (m^  j  )<  (mpj  )-<...<;' (mjjj .  (These 
ordering  properties  are  said  to  be  simply  ordered  [2].] 
We  have  been  able  to  use  the  binary  relation  --',  which  m.eans 
is  started  before  in  each  of  the  sets   P  M        and  Q.  ^. 
because  each  job  in  the  machine  ordering  P  7H^    ,      i.e. 
scheduled  ordering,  is  a  different  job  and  each  machine  in 
the  job  ordering  Q .  0-. ,   i.e.  technological  ordering, 
is  a  different  machine. 

It  is  convenient  to  call  all  the  job  designations 
in  a  given  technological  ordering  equivalent .   We  designate 
equivalence  by  the  binary  relation  —    .   Thus   (m^  j  )  2:::'(m„  j  j 
means  the  j    job  on   the  m-^  machine  is  equivalent  to  the 
j    job  on  the  m_  machine.   Equivalence  intuitively  means, 
in  our  context,  is  the  same  job. 

These  assumptions  about  the  ordering  properties  of  the 
jobs,  of  course,  restrict  us  to  a  special  type  of  machine 
shop.   We  do  not  allow  an  object  to  be  put  on  the  saitie 
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machine  more  than  once,   (If  an  object  is  not  put  on  a 
particular  machine j,  we  can  attach  a   0  processing  time 
and  still  give  the  object  a  position  in  technological  and 
scheduled  orderlngs  without  effecting  idle  and  schedule 
tlmeso   This  fact  will  be  evident  from  the  theorems  belowo ) 

A  schedule  is  a  collection  of  technological  orderlngs 
<'Q.  (L|   and  a  collection  of  scheduled  orderlngs  f P  ^  ?  . 
Since  the  elements  appearing  in  >  Q  „  Q^ .  j   are  the  same  as 
the  elements  appearing  in  /P  7^  (  „   the  order  relations 
given  by  the  '^rJ'^m^     ™^^  ^®  inconsistent  with  the  order 


relations  given  by  the  Q.  ir„'So   Many  investigators  have 
•studied  this  question  of  consistency;  we  mention  but  two  — 
Akers  and  Friedman  [iJ  and  Marlmont  [5 J  to  Indicate  two 
approaches  to  this  problem.   We  will  give  a  third  approach 
which  is  more  in  keeping  with  the  philosophy  of  statistical 
sampling  (ioe,  simulation)  techniques  of  determining 
properties  of  consistent  schedules,   A  consistent  schedule 
will  be  designated  as   f P  7^  j  (x)  /Q^  i^^J   » 

By  a  "best"  schedule  we  mean  the  schedule  (or  schedules) 
that  gives  a  minimum  to  a  nxxmerically  defined  function  of 
each  schedule.   These  numerically  defined  functions  are  of 
various  types;   the  due  date  type,  the  in  process  Inventory 
cost  type,  the  minimum  time  type,  the  minimum  idle  time  type, 
,,o  o   Whichever  type  it  may  be,  we  need  to  have  expressions 
for  the  idle  time  and  the  schedule  time.   These  times  depend 
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on  the  order  of  processing  the  objects  and  the  processing 
times  of  the  objects.   We  have  made  special  assumptions 
about  the  processing  times   t  .  ;   and  therefore  we  study 
a  special  type  of  machine  shop. 

In  deriving  expressions  for  the  idle  and  schedule  times 
we  must  assume  that  each  object  Is  processed  as  soon  as 
possible  subject  only  to  the  consistent  schedule  order 
relations.   By  this  statement  we  mean  that  an  object  must 
be  processed  on  a  given  machine  when  (i)  it  has  already  been 
processed  on  all  the  previous  machines  that  are  required  by 


this  object's  technological  ordering  Q.  \r.      and  when 

(11)  the  machine  it  is  to  be  processed  on  has  processed 

all  the  objects  that  are  required  to  be  processed  before 

this  object's  scheduled  ordering   P  1/b     . 
^  ^   m  m 

From  these  assumptions  a  typical  Gantt  diagram  would  be 
as  given  in  Figure  1  and  corresponds  to  the  simply  ordered 
sets 

M  =  5  J  =  6 

t,   %  ^13*114-  *15  *16 

m  =  1  -4"^  -i r-f ^  -7* 

m  =  3  ^^  -hi ^        *33_43i^  ^4  _h^ 

Figure  1.   A  Typical  Gantt  Diagram  for  a  Machine  Shop 

Schedule. 
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Q^   ^  =  ^(21j(llj(31)(5l)(l+li)  f   m^=2,  m2=l,  m^=3,  m^=5,   m^=l+ 

Q2    0-2  =  ((I2){32j(52)(22}(i;2jj  ;           1  _3  5  2             1+ 

Q3  ^  =  [(13)(23){53){33)(I^3)J  ,         1  2  5  3           l^- 

\A"  ((5i4-)(2iv)(ll4-}(I;i;)(3i4-)J  ;           5  2  1  Ij.             3 

Q^p^^  =  [(lt.i.]{2^)(i5J(55)(35)]  ;         i^-  -2  1  5          3 

%  Pi  =  "[(26)([^6)(16)(36J{56)]  |  m^=2,  1112=14.,  rti^=l,  m^=3,   m^=5 


and 


P^7^  =[(12)(ll)(13)(li^)(l^J(l6)j|    J=^,    J2"^,  J3=3,  j^=l+,  ^3=5,0^=6 
P2>^  ={(21){2]+)(25)(22)(23)(26)j^         1  I4.         5  2  3       6 

P3>t^  =f(32)(3lH33)(3i+)(35)(36)];       2  1        3         i;        5       6 

P^^^  =^(i^^j(/4l)(i4-2)(l^l;)(l|3)(i4.6)j;       5  1        2         k        3       e 

P^^  ={(3i^)(32M31)(>3)(35)($6j]|  j|=i4.,     J2=^,  ^3=1,   jf3,    jj5,  J^=6 

There   is   a   closely  related,  rectangular   display  of   the 

elements   of      P^/*^         ^^^     Q^  ^^    s      such  that   each  row   contains 

the    elements   of   each     P    ^         and   each  colxomn  contains   the 

m  m 


elements  of  each  Q.  Ck   such  that  no   j   Is  the  same  in  the 
columns  and  all  order  relations  given  by  j^rn^m]     ^^^ 
fe.  ^1    are  satisfied  from  left  to  right.   For  the  Gantt 
diagram  given  in  Figure  1  we  have  the  rectangular  display 
U2j  (11)  113)  (11)-)  (13)  (16) 

(21)  (21+)  (23)  (22)  (23)  (26) 

(32)  (31)  (33)  (314.)  (33)      (36) 

ikS)  (1|1)  (i4-2)  ikk)    {1^3)    (i+6) 

iSk)  (32)  (31)     (S3)   (33)  (36). 
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This  display  is  closely  connected  with  latin  rectangles. 

In  the  Appendix  we  give  a  I'ormal  development  of  the 
above  heuristic  ideas.   It  is  possible  to  skip  the 
Appendix  and  understand  the  remaining  sections  which  contain 
results  or  use  in  applications,  provided  the  meaning  of  the 
symbols  :<:,  <,  (mj),  (m^j),  (mj^J,  P^>A,  Q^.^  and 
f P  /^  1  (x)  )  Q, .  Q..  ?  are  understood.   The  purpose  of  the 
finicky  formulation  of  the  scheauling  rules  is  to  indicate 
how  scheduling  and  sequencing  problems  can  be  brought 
within  a  known  and  highly  developed  mathematical  discipline. 
If  this  can  be  done  and  if  this  is  done,  the  results  and 
tools  of  the  mathematical  discipline  can  be  brought  to  bear 
on  the  problem  on  hand.   This  procedure  should  be  one  of 
the  aims  of  "Operations  Research." 

3.   The  Idle  Time  and  Schedule  Time. 

In  many  of  the  problems  connected  with  machine  shop 
scheduling  it  is  necessary  to  know  the  schedule  time  as  a 
function  of  the  processing  times  [8J.   We  will  proceed  to 
develop  the  concepts  that  will  lead  to  an  expression  for 
the  schedule  time. 

We  define  the  idle  time  before  processing  the   ^^Ji,^ 
and  after  processing  the   (mj,  _-,  ),   which  we  denote  as 
I  .  ,   as  the  time  the   m    machine  remains  idle.   The 
required  idleness  of  the  m    machine  depends  on  the 
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processing:  times  of  the  .lobs  and  the  order  relations 
^Iven  by  the  consistent-^  schedule  <?  IfJ     )    (^    f'^l  P'M* 
We  define  the  schedule  time,  which  we  denote  as   t(P), 
as  the  total  time  to  process  all  the  .lobso   The  schedule 
Is  symbolically  designated  by   Po 

We  will  have  many  occasions  to  consider  the  time  to 
finish  processing  a  particular  job  on  a  particular  machine. 
Thus  we  give  a  definition  for  this  concept: 

The  time  to  finish  processing  the   (i^jV^   under  the 
schedule  Y^^>^^  ^    (^)^1^l'^  will  be  designated  as 
t(P|mjj^).   We  will  refer  to   t(P|mjj^)   as  the  job  finish 
timeo 

The  hazy  concept  of  a  bottleneck  or  being  held  up  is 
related  to  the  abstract  concept  of  covering.   This  concept 
is  central  to  the  discussion  of  idle  time|  and  hence,  we 
give  [cfo  refe  2j  the  definition  of  covering:   b;;^ 
"(m'j')   is  covered  by   (mj)"  we  mean  that     '  ' 
(m'j»)^(mj)   and  ^  aW'j")  9(ra«j»)  -^  (m"j")  ^  (mj) 
for  a  given  schedule.   We  will  write  ^  for  "is  covered  by." 

Intuitively  "is  covered  by"  means  "may  possibly  hold 
up"  for  if   (m«j«)<^(mj)   then   (m'j«)<(mj)   and  hence 
(m»j«)   may  hold  up  the  processing  of   (mj).   It  may  happen 
that   (m'j')   may  not  hold  up  the  processing  of   (mj )   for 
some  other   (m"j")  may  hold  up  the  processing  of  the   (mj). 
This  question  of  which   (m'j')   holds  up  which   (m j ) 
2/  For  the  remainder  of  this  paper  -^Pm'*^  mi  (5^  ?Q.-}  ^-fj  will 


denote  a  consistent  schedule  unless  expllcitry   stated 
otherwise.  _  -yx 


icitly   s 


depends  on  the  schedule  and  processing  times. 

We  prove 
Lemma  1.1.   For  a  given  schedule,  if   (mj '  )  <^(mj,  j,  then 
(my)   =   (mjj^_^)  ;  if   (m' j)  (t_(m^j)  ,   then   (m»J}  =  {m^_-^^). 
Proof:   In  the  set  ^^^^^     we  have   (i^jj^.i)  <  (inJl^)7^(mjj^_-j_J. 
We  have   (mj,   )  £  Q.     0-.    and  only  one  set  Q.,  0<., 

We  call   (^Jjji-l^  ~  ^^/>j^  ^"^   have  ^^^^--^^   •^("i/+iJ)* 
Since   (m^j  )  — (mjj^_-j^ }   and   (m^j  )  9=^  (nijjj.),   we  see  that 
(m-^j)   is  not  related  via  the  binary  relation  -<  to  (mj,  ]. 
Hence  there  are  no  other  elements  related  to   (^Jv^   other 
than  those   (m.,j)  -<,  (m,j)—  ^^^v-l^   ^^^  those 
(mj,  ,  )  -<  (mj,  ).   Thus  we  have   (3nj,_-.)  (l-(mj"  )   and  the 
first  part  of  the  lemma  is  proved.   The  second  part  is 
proved  in  a  similar  fashion. 

The  diagrams  [2J  of  partially-ordered  sets  are  closely 
connected  to  the  Gantt  diagrams.   If  a  circle  is  drawn 
around  the  beginning  of  the  arrows  in  a  Gantt  diagram  and 
if  those  circles  are  connected  which  are  at  the  beginning 
of  arrows  representing  a  pair  of  elements   (mj)   and 
(m'J')   such  that   (mj)  C>(m'j'),   we  have  a  diagram  of  a 
partially  ordered  set  laid  on  its  side.   In  Figure  2  we 
have  the  diagram  on  its  side  corresponding  to  the  Gantt 
diagram  given  in  Figure  1.   We  note 

Lemma  2.1.   Every  element   (mj )   is  covered  by  two,  one,  or 
no  elements.   If  two  elements  cover   (ifij),   one  of  the 
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covering:  elements        e   ^^J9l^     and   one    of   the    covering 

— — — —      xn.     va     — — — — — a. 

elements  is  in  Q,,  )f,    o 

The  proof  is  quite  simple  for  Lemma  1.1  tells  us  that 

if  an  element  is  covered  by  two  elements,  one  covering  comes 

from  the  elements  of  one  of  the  sets   P  7?^   and  another 

comes  from  the  elements  of  one  of  the  sets  Q.  Q-,.   If  an 

J  (7  J 

element  is  both  a  last  element  of  a  set   P  ?it        and  Q.  Ck 

^     ^  3  (7  5 

it  is  not  covered.   If  an  element  is  a  last  element  of  a 


set  ^m^m     ^^^  ^°*  ^  last  element  of  Q„  ^.   it  is  covered 

•J  «J 

by  an  element  of  Q,=  ^   only  and  similarly  for  the  case  of 
an  element  last  in  Q^  i^-   and  not  last  in  P  ??f      „ 

(12)  (11)   (I3)(li|j   (1^)  (16) 


(55) 


Figure  2o   The  diagram  of  the  partially  ordered  set  turned 
on  its  side  corresponding  to  the  Gantt  Diagram 
given  in  Figure  1, 


(56) 
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We  need  the  fci""';— -"-  -"-      ■'-  i--^'-— -  ''-r>iving  an 

expression         idle  tl  we  mean 

the  time  to  1     ■  -cesginp:  the   (m' j )  <^(nij,  )   under  the 

Idle  time  comes  receive 

an  object  for  pr-  _   _  _           o  ^  because 

it  is  being  proc  schine.   The  time  the 

m    machine  finish  bject  is 


t(P|raj,  ,Omj,  ).   The  time  to  ^_ 


to  be  processed  on  the  -  '       "       '  "e   j,    object 
is   t(P|ra^,je.mjj^)^.   If      ;  ,^,  j  cmj^j-t  (Plmj^  ,   ,j^^)>0 

we  have  idle  time  and  if  the  c>..j-^^„^ .  is  negative  we  do 

not  have  idle  time  as  follows  from  (A5)  and  the  definitions 
for  idle  job  finish  times.   We  can  use  the  maximum  notation 
to  express 
Lemma  3«1*   The  idle  time  before  processing  the   ^^J-i^^   is 

S^}-t(P!mjj^,^mjj^) 
0 


Prom  the  definitions  of  the  job  finish  times  and 
covering  we  have 

(3.2)  t(Plmjj^,^mjj^)   =   t(Plrajj^_^}  . 

37      In     tlP|  Im   ,j<^mjj^;  '       d   that     m . ,    ^  m.      He 

(m^,j)^(mjj^)    . 
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nee 


However,    the    time   to   finish  processing   the      ^^Ju--!^      ^^ 

k-1 
^3.3)  t(Plinj         j      =       Yl   (t    •        +  I  ) 

^  ^  ki=l       ^Jk»  ^Jk' 

which  follows  from  (AS J  and  Definitions  l\.   and  8  in  the 
Appendix.   Combining  (3ol-3)j.  we  have 

(3«U   t(P|mJ^)   =  t(Plm3^„,)  +  t^.^  +  I^^^ 


=  max 


t(P!njVi^  -^  t 


^k 

We   can  solve    (3»[|.)    for     t(P|mj,  )      and   eventually 
obtain  an   expression   for   the    schedule    time    in  tenns    of    the 
processing  times      t     .      and   the    schedule      fP   7^1    7/x)<Q,    ^.  >, 
Firstly,   we   note   from    (3»l4-)    that 

(3.5)  t(P|mj^)      =     t(Plm      jc^raj^j    +  t^^      ; 

secondly,    from    (3oIj-)    and    (3<»5)   we   have 

rt(P|m^,jc.mJ2)    +  t^.^ 

(306)  t(P|mJ2J      =     max/ 

(^t(P|m^,jc^mJ3L)  +  t^.^  +  t^j^ 

Continuing  on  in  this  manner,  we  have 

Lemma  I|.olo   The  time  to  process  the   (^jV^  — 

(307)  t(PJmj,)   =   max  1 1  (P  |m  ,  j  c^mj  J  +  ^Z  *  ^ 

lis<k  {A  ^        k'=s  "^Jk' 
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The    schedule    time    is    given  by 
Lemma  5«1»      The    schedule    time   is 

(3.8)      t(P)      =     max     max    V  t  (P  |m  ^.  .i^m.i„  J   +  y~  t„  , 

m     l<s<J  (^  /  ^        k'=s     ^^k' 

We   now  proceed  to   solve    (3»7)    I'or   the   time      t(P|mj_) 
as    a  function  of   the    processina;   times      t     .      and   the    schedule 

f^m^m^    (^    {^'  ^1^    "      ^^   ^^'"^^    ^^*^     k  =   J     let     k^     be   that 
value   of      s      for  which  the  maximum  of   the    terms  behind  the 
maximum  operator   is  reached: 


(3.9)      tlPlmj    )      =     t(P|m     j^mj      )   +    ^     t  . 

Since  the  first  term  in  (3.V)  will  include  Idle  as  well  as 
processing  times  and  the  second  term  contains  only  process- 
ing times,  it  follows  from  (A5)  that   j,    is  that   j, 

^L  ^L 

for  which  I  .   5^  0   and   I,     =...=!.   =0, 
m5^^   ^  mj^^^^  mjj 

If  we  call   (m  ,j)  ^  i^^-^    )  ^"^l-1^K    ^'      ^®  ^^^ 
rewrite  (3«9)  as 


V'  XV  ^    ^    .. 


J 

(3.10)  t(Plmj    )    =   t(Plm        j  )    +     ^        t^.         . 

^  ^  ^  ^L-1  k^'j^     "'Jk* 

Using    (3.7),   we    obtain 

(3.11)  t(Plmjj)    =     max  f  t  (P  im      j  c^m.    ,  j    )    +  ^Z  *  JVtV 

l<s<K^_-j_(.  ^  i^   X   s        ^,^g      m^_-^   K'j 

J 

+  y~  t  . 
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Continuing  on  as  before,  we  have 

(3.12)   t(P|mj    J   =  tlPlm        j  )   +  H       t  J'k.''2Z*mi     ' 

«J  ^  ^  ^1^-2       k«=k,    ,   ^L-1  ^     k«=k.  "^Jk» 


^L-l 


X-1      "  -^  "      ^L 

;h      I     . 
^L-1  -L-1  "^Jk. 


where      1,  is   that      i,  for  which     I    .  5^  0      and 

''i^    -,  *^k^    -,  mj, 

I    .  =..,    =   I    .  =   0    .      Finally,   we    arrive   at 

Theorem  1,      The   time    to   finish  processing  all   the    objects 
on  machine      m     under   the    schedule      jTl^lf     (X)     sQ, .    0.'>      i_s 

1        ^P 
(3.13)  t(Plm^j'    )     =     ZZ    ZZ     t        , 

where   k,  =  1  and  K^.  =  m  .   The  integers   k^   and  K, 
are  members  of  the  set 

and   I     .      +  1  =  ...  =  I     .      =0 
"^Z+l^k^^l  "^Z+l^K.^.! 

There  is  a  simple  Gantt  diagram  interpretation  of  the 
result  (3.13).   In  Figi;ire  1  if  m^-  =  3,   the  expression 
(3.13)  becomes 

t(P|3j^)  =  t3^ 


**16 

*\b' 

\3 

"*33 

**S3 

*^2i* 

*22 

*Sz* 

Su' 
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where   L  =  7   and 

in„  =  3  K„  =  6  k„  =  6 

m^  =  1  K^  =  6  k^  =  6 

m^   =  [4.  K[-  =  6  k^  =  5 

m^  =  3  K^  =  3  k^  =  3 

m^  =  5  K-^  =  i|  k^  =  Ij. 

m^  =  2  K2  =  5  k^  =  1; 

m,  =  5  K,  =  2  k,  =  1  o 

This  path  through  the  Gantt  diagram  starts  out  at 
(^T  JV  )  ~  (36)  moves  back  along  the  machine  3  until  there 
is  idle  time  before  one  of  the  objectso   Then  we  switch 
to  the  machine  whose  object  covers  the  above  mentioned 
object  on  machine  3  which  had  idle  time.   We  contine,  as 
above,  to  work  back  until  we  finally  come  to  an  object 
that  is  processed  at  the  beginning  of  the  schedule,  i.eo 
does  not  cover  any  other  object. 

Prom  the  definition  of  the  schedule  time  we  have 
Corollary  Ido   The  schedule  time 

1    ^ 
(3.15)         t(P)   =  ma^  ZI  IZ  t    i    • 

In  many  problems  a  best  schedule  is  defined  to  be  that 
schedule  which  gives  a  minimT;im  schedule  timeo   In  our 
notation  we  have 
Corollary  lo2.   The  minimum  schedule  time 

1     K 

(3el6)         t  .    =  min  max  5    5   t 


mxn 


lin  max   >    >   t 
P   y^  jr^   k'=l^  V^k' 
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If  the  processing  times   t  .   are  integers,  we  have 
Corollary  1.3o   If  the  processing  times  are  integers,  the 
schedule  times  are  integers. 

The  elements   (mj)   which  correspond  to  the  strings 

given  by   k,   ana  IL   of  'l    form  an  interesting  system. 

Let  us  define  the  set  of   (mj)   which  appear  in  the  sxoms  of 

(3.1:?)  as   XL_  : 
m 

(3.17)  Z:^  =  f(rrijjl(mj)  =  (m   j^,),   /=1, . . .  ,L;  k'=^,,..  .,K^,; 

For  each   (m  j )  e   A.       ,       (mj)  ::^  (mjj.   If  we  have  two  distinct 

elements   (mj )   and   {m'j')€  /f   ,   the  elements  are  either 

in  the  same   P  /*!  ,   if  m  =  m'    or  the  elements  are  in 
m  Tti'  ' 

two  distinct   P  >i      ,   if  m  5^  m'.   If  the  distinct  elements 
m  m*        ' 

(mj)   and   (m'j')^   P  >^  ,   either   (mj)^(m'j')   or 

(m'j')    ^  (mj).      If  the    distinct   elements      (mj )      and 

(m'j')^  C        are    in  different      P  Iffl    's,      it    is    still   true 
'^  ^^m  m     m      ' 

that   either      (m  j  )  ^  (m'j')      or      (m'j')4>    (m  j  )      because    the 

last    element    of    one    of    the      P   /^         is    covered  by   the    first 

m  -m  -^ 

element  of  the  other   P  /^  .   In  a  similar  fashion  we  have 

m  m 

the  transitive  relation  between  any  three  elements 
(mj)£  /[^     and  if   (mj)  :f;(ra'j')   and  if   (m'j')  ^  (mj) 
for  any  two  elements  in   /x.  ,   we  have   (mj )  =  (m'j'). 


m' 


We  have  thus  proved 
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Theorem  2.   The  e leine nt s   (mj)  f  /^         are  simply  ordered 
under  the  binary  relation  ^ 

¥e  will  give  one  more  result  before  proceeding  to  the 
study  of  bounds  on  the  number  of  different  schedules  and 
schedule  times.   The  one  result  is  an  expression  for  the 
idle  time  which  is  convenient  for  niomerical  calculation. 

Prom  the  expression  for  the  idle  time  given  by  Lemma  3<»1 
and  (3»3)  we  obtain 


k-1 


(3cl8)   I  ,   =  max 


t(P|m  j-mj  )-  XI  (t    +1     ) 
/      ^  k»=l   "^^k'   "^Jk' 


The  first  term  behind  the  maximum  operator  expresses  the  time 
to  complete  the  object  equivalent  to   (^Jvr^   before  being 
processed  on  the  m    machine.   Let  us  call   (mj,  )€  P  ^. 


m     m 


which  is    in  the    set     Q.  Q'.         (ml).      Then 

(3ol9}      t(P|m     jVmj    )   =  ^^     (t  .        +1  .      )    . 

^^-l^k'^^^^^^ 

Since    all   other   sums   of   the   form     5  (t„       -i+I         j.) 

where      (in /?,  j  '  )  e     Q,^  ^^      are    smaller  than   the    sxaa.  given  in 
(3.19),    because       (j^/,,  j  '  )  "^  (m  ._^  j  )      and      (m      j  «  )      is   not 
covered  by      (i^/jj),      we    can  write 
(3,20)    t(P|m     j^j^)   =  max  2Z(t^,j.    ^I^,j      )• 
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Combining    (3.20)    and    (3,18),   we    obtain 

The orem  3o      The    idle   time   before  processing   the      ^J^J]^^ 


^3-21)    I^,.    =  k-1 

max 


mj,  ^ 


max< 


If   ail   the    objects   are   processed  in  the    same    order   on  all 

the  machines  and  we  number  the  machines   1,2,...,M,   the 

max  term  in  (3.21)  is  largest  for  m'  =  m-1.   We  thus  have 
m« 
the  case  of  the  assembly  line  schedule  [3]' 

Corollary  3ol.   For  the  assembly  line  schedule  the  idle 

time  before  processing  the  ^^3\r^      is  given  by 

k-1 
1^    (t   T  .   +1   ,  .   )-  >   (t  ,   +1  .   ) 
tn       """^^k*   "'-^Jk'    k^l  "«5k'   "'Jk' 
^^^(m-ljj^,)<(mjy 

0 
The  expression  for  the  idle  time  given  in  (3<>21)  is 
useful  because  of  its  recursive  nature. 

1;,   Estimate  of  the  Number  of  Different  Schedules  and  the 
Number  of  Different  Schedule  Times. 
There  are  two  viewpoints  from  which  we  are  able  to 
easily  obtain  estimates  for  the  n\amber  of  different 
schedules  and  the  number  of  different  schedule  times, 
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One  method  makes  use  of  the  fact  that  If  the  processing  times 
are  integers  the  schedule  time  is  also  an  integer  [cfo 
Corollary  1.3];  the  other  method  is  purely  combinatorial  in 
essence  and  depends  on  the  form  of  the  schedule  time  given  by 
Corollary  1.1«   Because  of  the  importance  of  these  results 
from  the  statistical  sampling  point  of  view,  we  proceed  to 
obtain  these  estimateso 

Because  of  the  simple  ordering  of  the  objects  proces- 
sed through  each  machine  (Al-2)  and  the  independence  of 
processing  time  on  ordering  (AI4.),  we  have 

Lemma  6o3o   The  minimum  schedule  time  Tf  .         satisfies 
mm  

the  inequality 

J 

m'j'   —    mm 


J 

(^.1)  max  211  t^m   <   '^r.^ 

m»  j'-l 


If  we  do  not  say  anything  about  the  technological 
orderings  expressed  by  3'Q.  S  ,   we  can  only  give  the 
following  crude  estimate  to  the  maximum  schedule  time 

^  max 
Lemma  7«3»   The  maximum  schedule  time  ^  satisfies 

"  '  ITIQ-X        "  '  '  '  ' 

the  inequality 

M    J 
m'=l   j'=l    ^ 
for  the  largest  schedule  time  will  be  obtained,  if 
possible,  when  there  is  no  simultaneous  operation. 

If  the  processing  times  are  integers,  the  schedule 


-  2k 


times    are    also    integers    [cf.    Lemma  1,3].      Hence,    we   have 

from  Lemmas   6.3   and   7»3 

Theorem  l^.      If  the  processing  times  are  integers,  the  number 

of  different  processing  times   N(t(P))   satisfies  the 

inequality 

M    J  J 

m'=l  j'=l  ^   ^     ra'  j'=l  ^   J 

(When  the  processing  times  are  not  integers  but  rational 
numbers,  we  can  always  multiply  these  processing  times  by 
a  suitable  constant  so  that  they  are  integers. ) 

A  second  estimate  to  the  number  of  different  schedule 
times  can  be  obtained  from  the  expression  for  the  schedule 
time  given  by  Theorem  1.   The  least  number  of  terms,  for 
any  schedule,  that  can  aopear  in  the  sums  of  (3«l5)  is   J: 
this  is  the  case  of  one  machine  having  no  idle  time  and 
taking  the  longest  time  to  process  ail  the  objects.   The 
most  number  of  terras  that  can  appear  in  the  sums  of  (3«15) 
is   MJ:   this  is  the  case  when  there  is  no  simultaneous 
operation.   If  all  the  processing  times  are  different,  an 
upper  boiond  to  the  number  of  different  schedule  times  will 
be  the  number  of  different  sums  possible  in  (3<.13)«   We 
thus  have 
Theorem  5.   The  number  of  different  schedule  times 

satisfies  the  inequality 

M» J  /     \ 
ikok)  N(t(P})   <  ZZ  r'n^  )' 

■n=.T  ^       y 
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¥e  now  turn  oiip  attention  to  the  estimates  of  the 
number  of  different  consistent  schedules.   In  general  the 
number  of  different  schedules  will  depend  on  the  technologi- 
cal orderlngs  given  by  the  yQ-y  •   As  this  problem  Is  very 
difficult  and  not  of  general  use  for  our  purposes,  we  will 
only  obtain  a  simple  estimate  for  the  number  of  different 
schedules. 

We  can  choose  the  order  of  processing  the  objects  on 
one  of  the  machines  arbitrarily.   Objects  that  must  be 
processed  before  the  order  assumed  on  this  machine  as 
required  by  the  technological  orderlngs  <^^^^[      °^^  ^® 
chosen  arbitrarily  only  subject  to  the  order  requirements 
given  by   )q.  O^.S  .   Since  there  are   JI   possible  order- 
lngs on  the  machine  with  arbitrarily  chosen  order,  we  have 
the  weak 

Lemma  8.   The  number  of  different  orderlngs.   N(P), 
satisfies  the  inequality 

(k'S)  N(P)   >   JI   . 

Although  the  above  result  is  rather  weak,  we  can  still 
draw  the  conclusion  from  Theorem  1+.  and  Lemma  7*3  that  in 
many  cases  the  number  of  different  schedules  is  far  greater 
than  the  number  of  different  schedule  times  [cf.  ref.  3  for 
specific  examples].   We  are  thus  led  to  the  realization  that 
sampling  techniques  may  be  of  value  in  obtaining  "good" 
schedules, 
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5o   Techniques  lor  rtancLom  Generation  of  Consistent  Schedules, 

Statistical  sampling  techniques  Tor  the  determination  of 
"good"  schedules  requires  that  each  schedule  In  the  sample  be 
consistent.   We  could  generate  schedules  arbitrarily  and  If 
they  are  consistent  use  them  and  11'  they  are  not  consistent 
reject  them;  or  we  coula.  If  possible,  lind  a  method  or 
generating  consistent  schedules  and.  use  ail  schedules 
generated.   The  first  method  is  costly  in  computing,  even 
though  there  are  techniques  lor  aetermining  consistency  [i>J, 
ana  so  we  will  concentrate  our  el'forts  on  the  secona  method. 

In  the  case  of  assembly  line  scheduling  [3 J,  the 
question  of  consistency  never  appeared.   The  reason  for 
the  non-appearance  of  consistency  in  the  assembly  line 
scheduling  Is  given  by 

Lemma  9.  (Assembly  Line  Scheduling).  If  the  technological 
ordering  is  the  same  for  all  .jobs,  i»e.  all  Q,.  Q'.  =  !J'., 
then  any  schedule  ordering,  i.eo  any  <  ?   Ml    ^     is  consistent; 

Lopima  10»   If  the  schedule  ordering  is  the  same  for  all  jobs, 
1 » e .  al  1  P   )?i        ~     ^    ,      then  any  technological  ordering, 
i.e.  any   <Q.  OX   is  consistent. 

The  prool's  are  simple  and  follow  from  Theorem  2, 

and  Rules  (A  1-2 j. 

We  will  consider  the  generation  of  random  consistent 

machine  shop  schedules  when  the  ^Q.  Q-.s   are  given.   Thus, 

we  must  determine  the  i  P   M   '{      such  that  the  schedule 

(,  m  m  \ 
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R<]®hPjl  ' 


is  consistent.   There  are  many  ways 
of  accomplishing  this  desired  end  of  which  we  will  consider 
only  two. 

Let  us  consider  a  rectangular  array  such  that  the  first 
row  contains  elements   (IJi,)   ^^cL  blanks,  the  second  row 
contains  elements   ^2J,  )   and  blanks,  ...  .   For  each  set  of 
elements   (mj)  €  Q  •  x'-   the  order  relations  given  by 
Q.  0^.   are  adhered  to  in  the  sense  that  if   (m  >j )   and 

(m   J)e   Q.  0--   and  if   (m^j )  ^  ^^^t^^      t^®^   ^"^^J  ^   ^^^1 
appear  in  a  column  that  is  to  the  left  of  the  column  contain- 
ing  (m  ,j).   A  schedule  formed  from  this  array  by  choosing 
the   j  P  }A  S  for  each  row  as  the  elements   ^^Jv^   appear 
from  left  to  right  is  consistent,  because  the  )'^A/f'\      are 
ordered  as  described  above  and  no  element  is  in  a  loop 
[cf.  Theorem  2j. 

As  an  example  of  generating  the  rectangular  array,  let 
us  consider  the  /'^•W^aX     ^.sed  in  the  example  of  Figirre  1. 
We  will  consider  the  sets  in  the  order  ^\)f-\)      ^2c^2'    • " » 
Q/  ^2.   We  place  the  elements  of  Q-i  /^i   ^^  their  proper 
rows  (as  described  above)  such  that  the  first  element  in 
Q,^  Q<,   appears  in  column  one,  the  second  element  in  Q,,  Q-^ 
appears  in  column  two,  ..o  : 

(llj 
(21) 

(31) 

(1|1) 
(51) 

-  28  - 


We  now  choose  elements  from  ^p ^p     3-^<i  place  them  in 
columns  In  the  same  manner  as  the  elements  of  Q,  >C 
were  placed,  except  if  there  is  already  an  element 
occuplying  a  space,  we  move  the  element  of  Qp  CL   over 
to  the  right  to  the  next  available  coliomn: 

(12)       (11) 

(21)  (22) 

(32)   (31) 

(14.1)   (1^-2) 
(52)       (51) 

Continuing  on  in  this  manner,  we  obtain  the  rectangular 
array 

(12)  (11)  (13)  (11^)  (15)  (16) 

(21)  {2I4.)  (23)  (22)  (23)  (26) 

(32)  (31)  (33)  (3k)    (3^)    (36) 

(kB)  (kl)   (h2)   (kh)   (h3)   (1^6) 

(5k)  (52)  (51)      (53)  (SS)  (56)  . 

The  <P  ??1  T   are  read  off  from  the  rows,  e.g. 
i    m  mj  '    ° 

p^y\  =  [(12)  (11)  (13)  (liij  (15)  (16)?  . 

All  the  sets   P  /^L        are  as  given  in  the  example  of 
Section  2. 

If  we  choose  the  ?Q.^,"7   randomly,  e.g,   Qp  v-p, 

above  rectangular  array  for  these  sets,  we  would  obtain  a 
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randomly  generated  consistent  j?  )f1    r  .   Not  all  possible 
consistent  schedules  will  be  obtained  in  this  manner,  for 
conflicts  in  the  rectangular  array  between  two  elements 
were  resolved  by  placing  the  second  chosen  element  of  the 
two  conflicting  elements  to  the  right  of  the  first  element. 
If,  however,  we  randomly  determine  which  element  is  to  come 
first  whenever  a  conflict  occurs  and  if  we  adhere  to  the 
column  ordering  rule,  we  would  obtain  all  possible 
consistent  orderings. 

For  example  in  the  above  case,  i.e.   Q-,  5--, ,  Qp  W^, 

"^3  ^3*  %Sl^'   S  ^S'    *^6  ^6'      ^^   ^®  resolved  the  conflict 
between  elements  (Lp.)  and  {l\2 )    by  choosing  (i|2)  -<^  ikl) 
than  we  would  obtain  the  array 

(12)  (11)  (13)  (11;)  (15)  (16) 

(21)  (21^.)  {25)    (22)  (23)  (26) 

(32)  (31)  (33)  (3k)    (35)      (36) 

ih-B)  (1^2)  (i4l)  ^kk)    (k3)   (1^6) 

iSk)  (52)  (51)     (53)  (55)  (56). 

In  this  case  all  P  )7t        are  the  same  as  before  except 

m  m 

^l^k     "  f^^^^  ^^^^  ^^^  ^^^  ^^^^  ^^^^1' 
If  all  conflicts  were  resolved  randomly  we  would  generally 

obtain  different   P  M        for  the  same  choice  of  Q,.,  X'',  , 

mm  1^1 

A   second  method  of   generating   consistent    schedules   is 
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to  work  with  columns  in  the  rectangular  array.   First  we 
choose  some  order  for  [q.  ^.]  =  [Qj^^j^>  -'s    ^ j  ^ j J  * 

Then  we  place  the  first  element  of  the  set   Q.  Q-.        in 

Jl  ^'^1 
its  proper  row  in  column  1.   Next  we  choose  the  first 

element  of  the  set   Q.  0^.         and  place  it  into  the  first 

2    2 
column  if  there  is  no  conflict  or  randomly  determine  which 

element  is  to  be  to  the  righto   We  continue  on  in  this 

fashion  until  all  elements  are  placed  in  the  rectangular 

array.   Then  we  re^a  off  the  y^~^';^[»      ^^^   obtain  a 

consistent  schedule  )>  ^^^jA    @    )^'\'^^\' 

Other  methods  of  generating  consistent  schedules  can 
be  formed  by  randomly  combining  the  above  two  techniqueso 

Once  a  schedule  is  formed,  it  is  an  easy  computation 
to  evaluate  the  schedule  time   t(P)   using  Theorem  5, 
Lemma  5.3  and  (3.3).   Statistical  sampling  techniques  to 
find  the  minimum  schedule  time  are  practical  and  the 
solution  of  the  statistical  decision  problem  previously 
posed  [3]  applies  here.   To  complete  the  analysis  of  this 
statistical  decision  problem  we  need  only  know  the  distri- 
bution of  schedule  times  over  the  set  of  feasible  schedules. 
We  will  consider  this  problem  in  a  subsequent  papero^ 


L^/  The  analysis  of  this  problem  shows  as  in  L3J  that  the 
schedule  times  are  asymptotically  normally  distributed 
over  the  set  of  schedules.   This  property  is  quite  general 
for  constrained  objective  functions  and  the  statistical 
sampling  technique  can  be  -used.   Any  special  requirements 
about  the  objective  function  and  constraints,  such  as 
convexity  for  the  statistical  sampling  approach  are 
xmnecessary.   However,  a  difficulty  appears  in  generating 
a  random  sample  consistent  with  the  constraints.   These 
results  will  appear  elsewhere. 
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6.   Various  Optimization  Criteria. 

It  is  not  always  desirable  to  minimize  the  schedule 
time  to  determine  a  "best"  schedule  [[;,  8J.   We  will  discuss 
other  optimization  criteria  and  exhibit  various  forms  of 
the  objective  functions. 

The  due  date  criteria  is  one  of  the  considerations  for  a 
best  schedule:  we  designate  the  time  that  an  object  is  desired 
from  the  start  of  processing;  as   D .  . 

J 

If  we  attach  a  penalty  to  an  object  that  is  not 
finished  when  it  is  desired,  we  can  construct  objective 
functions  which  can  be  used  to  determine  a  "best"  schedule. 
For  example,  if  the  penalty  of  not  completing  the  j     object 
per  unit  time  is   c.,   then  the  penalty  under  a  given  schedule 
for  the   j    object  is,  say, 


t(Plm^j)  -  D. 


(6.1)  Z .   =   c ,  max  - 

J  J 


If   the   j     object  is  finished  before  its  due  date,  we  pay 
no  penalty  for   t(Plmj,j)-D.  <  0;   if  the   j    object  is 
finished  after  its  due  date,  we  pay  the  penalty 
c^.^t(P!mjj}-D^.^c 

There  are  two  objective  functions  other  than  the 
schedule  time  commonly  used  to  determine  a  best  schedule  [8j: 

(i)  minimization  of  the  total  penalty  of  not  completing 
an  object  on  time,  and 
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(il)  minimization  of  the  maximi;niL  penalty  of  not 
completing  an  object  on  timeo 
In  case  (i)  the  objective  function  is 

^(P|mj^j)-D. 


(6.2)  Z,   =  2_  c.  max 


and  a  best  schedule  is  one  wnich  gives  min  Z, .   In  case 

f 
(iij  the  objective  function  is 

't(Plm^j;-D^ 
(6.3)  Zp  =  max  J  c.  max 

and  a  best  schedule  is  one  which  gives  min  Zp  « 

F 
It  is  easily  seen  that  these  objective  functions  can 

be  written  in  general  as  max  Tfunction  [t(Plmj^j), 

t(Plmj^J),  D,,...,D  J^  and  the  best  schedule  has  the  form 

of  a  minimum  of  a  maxim-urn,  bringing  out  the  game 

theoretic  aspects  of  the  schedule  choice.   In  any  event 

it  seems  reasonable  that  statistical  sampling  will  be  of 

use  in  choosing  "good"  schedules  in  the  deterministic 

machine  shop  scheduling. 
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APPENDIX 

The  flules  of  a  Particular  Machine  Shop  Scheduling. 

In  order  to  pursue  the  Intricacies  of  the  combinatorial 
properties  of  machine  shop  scheduling  we  will  have  to  care- 
fully define  and  explicitly  state  the  rules  satisfied  by 
the  symbols  we  use.   We  proceed  to  define  these  symbols  and 
state  these  rules  or  assiomptionse 

During  the  course  of  our  discussion,  we  will  have  many 
occasions  to  use  the  phrase  "the  j   object  on  the  ra 
machine"  where  "object"  and  "machine"  are  assumed  known  as 
we  all  know  them.   The  numbering  of  the  objects  (or  jobs) 
and  machines  is  arbitrary  and  preconceived.   If  we  have 
occasion  to  consider  a  permutation  of  the  objects  with 
respect  to  the  preconceived  order,  we  will  designate  the 
objects  as   j-i ,  jp>  •  •  • ,  ji,,  » •  •  j  j  j  where   J   is  the  total 
number  of  objects  considered^  if  we  have  occasion  to 
consider  a  permutation  of  the  machines  with  respect  to 
the  preconceived  order,  we  will  designate  the  machines  as 
m,  ,rap,m  , .  o  .  ,m».   were   M   is  the  total  number  of  machines 
considered.   Thus,  we  are  led  to 

Definition  1.   The  phrase  "the  j    object  on  the  m   machine" 
will  be  symbolized  by   (mj),   where  the  numbering  of  jobs 
and  machines  is  arbitrary  and  preconceived.   For  a  permuta- 
tion of  the  objects  and  machines  with  respect  to  the  pre- 
conceived ordering  the  phrase  "the  j,   object  on  the  m^i 
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machine"  is  symbolized  by   (m^j,  ). 

In  all  sequencing  problems  we  must  aeal  with  order 
relations  between  the  objects  processed  on  each  machine 
and  the  order  relations  for  each  object  processed  through 
the  machines.^   We  are  therefore  led  to  the  defining 
of  a  binary  relation: 

Definition  2,   The  binary  relation  j<(  between  any  two 
elements,  e.g.   (mj )  :^    (m'j'j,   will  be  taken  to  mean 
intuitively   (m j )   is  processed  before  or  at  the  same  time 
as   (m'j'). 

For  each  machine  we  have  to  consider  the  ordering  of 

the  distinct  objects  on  each  machine;  i,e.   (ifiji.)?  k=l,,..,J, 

with  respect  to  the  binajr-y  relation  :^  .   If  we  call  the 

sets-^  <  (mj  )  1  j=l,  .  . . ,  J?  =  ?^    ,  m=ls2,...,M,  we  require-^ 

(Al)   All  //?         and  all  permutations  ol'  the  elements  of  /Pi 
^  m  ^  m 

designated  as   P  ///   are  simply  ordered,— '  i.e., 
^  m  -m         ^   "^  ' 

(i)  For  all   (mj^J  e  ?J^^   (mj^^j  <;  (mj^^)  ; 

(ii)   If       (mj^j  ^  (mjj^,) 
and      (mj^,)  :$  (mj^^j, 

then     ^^^Ic^  ~   ("iJlft^o 

^   Nelson  and  Jackson  [?]  call  these  orderings  the  scheduled 
ordering  and  technological  ordering  respectively. 

6/  We  will  use  the  braces  j  v  to  indicate  a  set. 

2/   For  a  detailed  discussion  of  the  reasons  for  these  rules 
for  assembly  line  scheduling  see  [3  Jo 

8/  We  will  use  the  definitions  given  by  Birkhoff  [2]  for  the 
various  types  of  orderings  that  we  will  have  occasion  to 

us  Bo 
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(Ill)  If      (mjj^j  4  (mjj^,) 

and     i^3-^,)    4     ^"iJ*k»^> 
then   ("iJ'k^  <N  (mjj^,,  )o 

(Iv)  For  all    (mj^^)  ^    (mjj^,  ) 

either     ^"^^k^  ^  ^^j'k' ^ 
or        (mjj^,  )  4     (^3k^- 

There  is  an  equivalence  relation  between  the  elements 

of  the  sets  /^        which  relates  the  same  lob  on  different 

m  "^ 

machines.      We  define    this  equivalence   relation  via 
Definition  3.      The    elements    of    the  ]   '^  ^\     are    said   to  be 

equivalent   if  they  refer   to   the    same    .job.      Using  the  binary 

relation     2:L  to  mean  equivalent,    we   have   for   all 
(mj)6f7^^3 

(1)      All  (mj)    ^    (mj). 

(ii)      If  (mj)    ^    (m'J) 

and  (m'JJ   ^     (m«j') 

then  (mjj    ^    (m"jj,      and 

(ill)      If  (mj)    ^    (m'j) 

then  (m'j  J   c:i    (mjj. 

By   definition  the    elements   of   each   set      ?Pt        refer   to 
"^  m 

different    jobs.      Hence,    we    have 

Lemma  A   lo      Any   two  distinct   elements   in    7/1        are   not 
li ^ — — — •  in      

equivalent. 

To  specify  the  order  in  which  each  job  is  processed 
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through  the  machines  (technological  ordering),  we  consider 
the  maximijm,  disjoint,  equivalence  sets  of  jA'j^V   Calling 


these  sets   i/-. ,   we  explicitly  define  them  via 

Definition  l^.      The  sets   (/-.   are  constructed  from  the  sets 

m 

(i)  All   (mjj  ^  >-.   are  equivalent 

(ii)  0-.  n    Q-J   =  0      (the  null  setj   j  ?^  j',  and 

(ill)  U^      =  U/.^   . 

We  construct  the  sets   O'.   in  the  following  manner: 

(ij  from  'P-,^^-,      choose   (mj^j,   (11)  find  all  the  elements 

equivalent  to   (ml,)   in  the  sets   P  ///    m  =  1,..,,M. 
^  '^1  mm' 

There  will  be  but  one  element  from  each  P  /?i        as  follows 

m     m 

from  Lemma  1.      This    set  we    call     J",     where      j   =    j-,      ^^  ^^^ 
symbol      {mU  ) ,      Continuing  on   in  this   fashion,   we    construct 

all   sets       0-.      and   since   at   least   one    set      P   7^        has   a 
(/j  mm 

designation  for   the      J      jobs,   we   have 
Lemma  A   2.      There    are      J      sets       CK. 

We  require 
(A2)      All       jy.      and   any  permutation  of   the   elements   of       y. 
designated  as      Q.    0.      are   simply   ordered. 

It   is   usual   in  scheduling  to  have   each  object  processed 
on  some   of   the  machines.      However,  we  will  require 
(A3)     For   all      (mj^^),    (m  <  M),     3    an   (   m+1    jj^,  )    ^    (mj^^j 
attaching  a  zero   time   of  processing    (dex'ined  below)   to 
those   elements      (mj)      which  represent   objects   that    are   not 
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processed  on  the  m   machineo 

In  many  scheduling  problems  the  determination  of  a  best 
schedule  is  predicated  on  a  property  of  the  processing  times, 
although  other  considerations  are  sometimes   used  [l\.,S,^}» 
However,  in  all  of  the  cases  treated,  the  processing  time 
of  each  object  enters  into  the  considerations;  therefore, 
we  give 

Definition  I4.0   To  each   (m^J,  )   there  is  assigned  a  non- 
negative  number  t   .   which  is  called  the  processing 
time  of   tin -J,  ) » 

In  this  paper  our  considerations  will  revolve  around 
problems  in  which  we  require 

(Aij.)   The  processing  time  of  each  .I'oh  is  characteristic  of 
the  job  and  not  the  .job  ordero 

(A5  )   An  object  is  processed  as  soon  as  possible  subject 
only  to  the  order  requirements  given  by  the  simply  ordered 
sets  P^^m^     and  Q.^^. 

We  can  now  define  a  machine  shop  schedule: 
Definition  5o   An  M  x  J  machine  shop  schedule  is  specified 
by  the  simply  ordered  sets   P  M         and  Q4  ^-   which  satisfy 
(Al-5). 


Prom  the  definitions,  rules  and  Lemma  A2,  we  easily  find 


Lemma  A  3.   For  all   P  'j/i        and  Q.  W'. 
-^   m  m  ^j  (7j 

(AD  P„7/i^  0   Qj^j  =  (^3) 
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It  is  usual  to  give  the  simply  ordered  sets  Q.  V-. 

and  ask  for  the  sets   P  Til         satisfying  some  condition 

mm  -J      ^ 

involving  the   processing    times.      At   first    sight   it  may  be 
thought   that   any   sets      P   W.^     are   possible    satisfying 
{Al-5)   when  we   are   given  the    sets      Q^ ^^  •      However,    simple 
examples   dispel   this    ideao      Although  the   problem  of   con- 
sistency has    received   a   great    deal    of    attention   [cf.    refs, 
1,5, 8 J   we   proceed  to    study  the    consistency  question  in 
our   frame worko 

In  order  to   fix  our   iaeas   about   the    intuitive 
concept   of   consistency,   we  will   consider   the    system  made 
up   of   the     [p//:-j     and   ^Q^JljJ,^,      say     [P^/'Cj  @  [«3  >^- 
Although  the      fPj^^jn^     a^<^   t^s   <Q.   0  A     are    individually 
simply   ordered,    the    system      \'^J'^'^^-^    (^     /^i/^l  ]     ^^  ^°^ 
simply  orderedo 

For    consider   an  element      (mj )    <£       ^m     m°      '^^    ^^ 
related  to   all   elements   in     P^^^^^     for      Pj^/?7j^      is    simply 
ordered,    and      (mJ)      is   related  to  all   elements   in     Q,.  ^. 
for     Q  •  P'^      is   simply  ordered.      However,    let   us    consider 


those      (m    ,jj^    ^1  5'i     ^    (in   ,  j )    ^,    (mj )      and  those 

(rajj^,)  e    Pj^-^^   ^    (i^Jk»^  4   ^■^^^'      ^^®^®   elements, 

(m  ,j)   and   (inj,  ,),   are  not  related  because  they  are  in 

simply  ordered  sets  that  are  disjoint o   For  example 

(m  .j)  e  P^  />-'      and   (mj,  ,  ]  ^  Q.   0-.    have  only 

the   element      ("i/tJirt^      ^^  common  and   this   element   is   not 
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any  one  of  the  elements   (mj^,  j  e     ^m^^m   ^  ^^J'k' ^  ^  ^^^^ 
or   (m  ,j)  G    Q.  Q.  9  (m  ,  jj  4  (mj  K   Hence  we  have 
Theorem  A  1,   The  order  relations  Tor  a  machine  shop 
schedule  are  partially  ordered. 

It  is  the  partial  ordering  of  the  elements  of  a 
machine  shop  schedule  which  gives  rise  to  the  problem  of 
consistency.   The  following  aefinitions  are  useful. 
Definition  6.  li_      (njj  ^  (m'j')   and   (raj)  f    (m',1'), 
we  write   (m.j  j  -^    (m'jM.   Intuitively  the  binary  relation 
-<   means  "is  processed  before," 

Definition  ?•   Given  the  simply  ordered   /Q.JI.S,   the 
simply  ordered   /P  7ki  ""r   are  consistent  if  and  only  if  the 
order  relations  driven  by  )  P  7^1    i    (x)  f  Q  •  ^  ^  1  aJ'e  not 
inconsistent  with  the  oraer  relations  given  by  the  \^^/j   -il* 

In  Definition  7  we  have  assumed   <Q.  ^-7  as  given. 
This  is  usually  the  casej  the  specification  of  the   <Q.>)^7 
is  the  so  called  technological  ordering,  and  the  specifi- 

cation  of  the  VP  ^'^'  -   is  the  so  called  schedulea  ordering. 

/    m     m  i  ° 

The   inconsistency   arises  when  a    schedule      fP  Tri    s/X\sQ ,  V)/ 

Cm     my^  \_  J  /7j^', 

requires   an  object   to  be   processed  both  before    and   after 
another   object.      In  order   to   check  the   consistency   of   a 
schedule   we    consiaer    the    strings    of   elements   relatea   via 
-^    composed   of   any   combination  of   the   following  forms: 
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and 

(2.3)  (m^j)  <  (m^+iJJ  ^  ("1^+2^^° 

If  in  any  ol'  these  strings  the  same  element  appears  twice, 
we  have  the  situation  that,  say, 

and 

(iTvJ)  <;  (mjj^j, 

where  we  have  eliminated  the  in-between  elements  using 

(Al-2)  and  Definitions  3  and  6.   These  relations,  usually 

called  "loops"  [Ij,  are  inconsistent  because  they  require 

(raj,  j   to  be  processed  before  and  after   (m/,jj.   It  is 

sufficient  that  all  possible  strings  ena,  i.e.  reach  an 

element  that  is  both  the  last  element  of  some   P  }'/'/    and 

m  m 

Q,.   X.,    if  we  are  to  have  a  consistent  schedule: 

The  or em  A  2  (Akers  and  Friedman) .   A  schedule 

r    ^Tn(  ®   ?  ®M  ^i\  ^s  consistent  if  and  only  if  there  are 

no  loops  In  all  possible  strings  composed  or  any  combination 

of  elements  of  the  forms  (2.2-5) • 

Theorem  2  in  a  aifferent  form  was  given  by  Akers  and 
Friedman  [Ij  for  the  piorpose  of  eliminating  the  inconsistent 
schedules;  Theorem  2  in  our  form  stresses  the  condition  for 
consistency.   The  question  of  a  consistent  schedule  is  of 
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more  importance  from  the  point  or  view  of  statistical 
sampling  (Monte-Cario)  techniques  than  the  question  of 
elimination  of  all  Inconsistent  schedules. 
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